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Abstract. Let {M,g) be a Kiihler surface, and E an immersed surface in M. The 
Kahler angle of E in M is introduced by Chern-Wolfson [9]. Let {M,'g{t)) evolve 
along the Kahler- Ricci flow, and Et in {M,'g{t)) evolve along the mean curvature 
flow. We show that the Kahler angle a{t) satisfies the evolution equation: 

d 

(— A) cos a ~ iVJst P cos a + _Rsin^ a cos a, 

at 

where R is the scalar curvature of {M,'g{t)). 

The equation implies that, if the initial surface is symplectic (Lagrangian), then 
along the flow, Et is always symplectic (Lagrangian) at each time t, which we call 
a symplectic (Lagrangian) Kahler-Ricci mean curvature flow. 

In this paper, we mainly study the symplectic Kahler-Ricci mean curvature flow. 



1. INTRODUCTION 

Suppose that {M,J,u,g) is a Kahler surface. Let E be a compact oriented real 
surface which is smoothly immersed in M, the Kahler angle a of E in M is defined 
by Chern-Wolfson ([9]) 

u\y: = cosadfi-£ (1.1) 

where d^s is the area element of E of the induced metric from g. We say that E is 
a symplectic surface if cos a > 0, E is a holomorphic curve if cos a = 1 and E is a 
Lagrangian surface if cos a = 0. 

If M is a Kahler-Einstein surface, a symplectic mean curvature flow in M was 
studied by Chen-Tian [6], Chen-Li [4], Wang [32] and Han-Li [18], etc. The main point 
is that, along the mean curvature flow, the Kahler angle satisfies a parabolic equation. 
However, without the Einstein condition, one can not have the nice equation. In this 
paper we find that, if M evolves along the Kahler-Ricci flow, the Kahler angle satisfies 
the same parabolic equation. 

Now let g[t) evolve along the Kahler-Ricci flow on M and E evolve along the mean 
curvature flow in {M,g(t)), that is. 



|^(t,-) = -mc{g{t,-)) + lg{t 
iFt = H 



i^(-,0) = 
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where Fq : Sq ^ (Af , Qq) is the initial immersion and H is the mean curvature vector 
of Tif in {M,g{t)), and r is a constant. We call it a Kahler-Ricci mean curvature flow, 
denoted by {M,g{t),Et). 

The Ricci flow was introduced by Hamilton [12] in order to study the famous 
Poincarc conjecture, which was finally achieved by Perelman ([24], [25], [26]). The 
Kahler-Ricci fiow was introduced by Cao [1] to study Calabi conjecture, which was 
studied by many authors (see [8], [30], [28], [29]). The mean curvature flow was 
intensively studied by Huisken [16], [17]. RecaU that, if Ci(M) < (= 0, > 0), 
choosing r — —2 (0, 2) and the initial Kahler form with Ci(M) as its Kahler class, 
Cao [1] proved that the Kahler-Ricci flow exists globally, and converges to a Kahler- 
Einstein metric at infinity in the case that Ci(M) < 0. 

The main point of this paper is to derive the evolution equation of the Kahler 
angle along the Kahler-Ricci mean curvature flow. The purpose is to flnd symplectic 
minimal surface, and especially holomorphic curves in Kahler surfaces. 

Assume that evolves along the Kahler-Ricci mean curvature flow in [M,'g{t)). 
We show that the evolution equation of cos a is 

d — — 

{- A) cos a = iVJstpcoso; -|- i? sin^ a cos a, 

where R is the scalar curvature of {M,g{t)), and |VJstP will be defined in (4.1). 

The same equation is obtained independently by Chen-Li [4] and Wang [32] (also 
see [6]), for a symplectic mean curvature flow in a Kahler- Einstein surface. By the 
maximum principle for parabolic equations, we see that, if the initial surface is sym- 
plectic (Lagrangian), then along the Kahler-Ricci mean curvature flow is always 
symplectic (Lagrangian), which we call a symplectic (Lagrangian) Kahler-Ricci mean 
curvature flow. We will show in a forthcoming paper [20] that, Lagrangian is preserved 
by Kahler-Ricci mean curvature flow in any dimension. 

In this paper, we will show that a symplectic Kahler-Ricci mean curvature flow 
does not develop Type I singularity under the assumption that Kahler-Ricci fiow 
does not develop any singularity. If the Kahler surface is sufficiently close to a Kahler- 
Einstein surface and the initial surface is sufficiently close to a holomorphic curve, 
then the symplectic Kahler-Ricci mean curvature ffow exists globally and converges 
to a holomorphic curve in a Kahler-Einstein surface at infinity. 

Suppose that M = Mi x M2 where Mi, M2 are Riemann surfaces with unit Kahler 
forms U!i,uj2- If {Mi,gi{0)) and {M2,g2{0)) have the same average scalar curvature, 
and the initial surface is a graph with (ei x 62, cui) > where ei, 62 is an orthonormal 
frame of the initial surface, then the Kahler-Ricci mean curvature flow exists globally. 
In addition, if the scalar curvature of Mi. M2 is positive, then the Kahler-Ricci mean 
curvature flow converges to a totally geodesic surface at infinity. The same result 
was also proved by Chen-Li-Tian [7] and Wang [32] in the case that Mi, M2 have the 
same constant curvature. 

Throughout this paper we will adopt the following ranges of indices: 



THE MEAN CURVATURE FLOW ALONG THE KAHLER-RICCI FLOW 



3 



a, 7, ••• = 3,4, 
i,j,k,---^ 1,2. 

2. SHORT TIME EXISTENCE 

In this section, we show the short time existence for the Kahler-Ricci mean curva- 
ture flow (1.2). 

Theorem 2.1. The evolution equation (1-2) has a solution {M,g{t),'Et) for a short 
time with any smooth compact initial surface T^o o-tt — 0, that is, the solution of (1.2) 

exists on a maximum time interval [0, T). 

Proof. It is well-known that there exists Ti > such that the Ricci flow exists on 
[0, Ti). Let S evolves by the mean curvature flow in (M, g{t)) for t <Ti. Now we use 
a trick of De Turck [11] to prove the short time existence of g{t). 

Recall the Gauss- Weingarten equation 

dx^dx^ dx^ dxi dx^ 

is the Christoffel symbol of g{t) and F"^ is the Christoffel symbol of g{t). Note 
that, 

d^F , dF^ 

= qH r — ). 

So the mean curvature flow equation can be written as 



A F'^ ^ nWUt\^^' 



dt ^ ""'^ dx' dx^ 

which is not the strictly parabolic equation. In order to apply the standard theory 
of strictly parabolic equation to get short time existence, wc use a trick of De Turck 
by modifying the flow through a diffeomorphism of the parameter space of E. We 
consider the following equation 

^^A,.,#«^,«Cwf,^+.'V.#«, (2.1) 

where the vector field will be chosen to make the equation strictly parabolic. In 
fact, if F{y,t) is a solution of (2.1), then 

F{x,t)^F{y{x,t),t) 

satisfies the equation 

+ ^kF" ■ -4r 



dt dt " dt 

k 



dFPdF" . ^ dy^ 
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by choosing 



(2.2) 



Now we pick 

The equation (2.1) becomes 

dt ^ ^dx^dx^ dx^^^^ ^^^^ dx^ dxo 

which is a strictly parabohc equation. Since r^^(i) is uniformly bounded in [0,7"), 
then by the standard theory of parabolic equations we get the short time existence 
of the mean curvature flow (c.f. [22]). Thus there exists T > such that the Kahler- 
Ricci mean curvature flow exists on [0, T). Q. E. 

D. 

If the Kahler-Ricci mean curvature flow blows up at T, there are two possibilities. 
One is the Kahler-Ricci flow blows up at T, another one is the mean curvature flow 
blows up at T. Let's state some fundamental results regarding the singularity of the 
Ricci flow and the mean curvature flow. 

Theorem 2.2. [27] // the Ricci curvature is uniformly hounded under the Ricci flow 



Qij = —2Rij for all times t e [0,T), then the solution can be extended beyond T. 



dt 

Theorem 2.3. [16] // the second fundamental form is uniformly bounded under the 
mean curvature flow ^ = H for all times t G [0, T), then the solution can be extended 
beyond T. 

3. EVOLUTION EQUATIONS 

In this section the evolution equations of the metric and the second fundamental 
form of will be derived along the Kahler-Ricci mean curvature flow (1.2). In terms 
of coordinates {x^} on and coordinates {y^} on [M,g{t)), the metric of S can be 
expressed as follows: 

9ij{x,t) = g^B{F{x,t),t)-^-^. 
Lemma 3.1. The metric ofEf satisfies the evolution equation 

^g,^ = -2H-h%-R,, + ''-g,,. (3.1) 



Proof. It is clear that 



d _ _ OF^dF^^dF^ d_ dFt'^dF^^ d dF^^^ dF^ 



B 

t 



dF dF r_ dF^"^ dFf 
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r 



= -Rij + -gij - 2H°'h1y 

Q. E. D. 

Prom the evolution equation of the metric we can get the evolution equation of the 
area element. 

Corollary 3.2. Set R — ^g'^^Rij, the area element ofEf satisfies the following equa- 
tion. 

j^dnt^{-\H\^-R + r)dpLt: (3.2) 



and consequently, 

d_ 
di 



(e-'-*/ dfit)^-e-''f {\H\^ + R)di^t. (3.3) 



Lemma 3.3. Under the flow (1.2), the second fundamental form /i^- satisfies the 
following equation. 

— /l^- — Ah"j + VkRaijk + 'VjRakik 

— Rlkikhfj — Rikjkhfi + Rak^khij 
~^im{^^^lnj ~ hmk^]k) 

~hmk{hmjhik ~ Knk^ij) (3-4) 

''■ik\"'lj"'lk "'lk"'lj) 

— Rajihij + — -{ViRja + '^jRia — aRij) ■ (3.5) 

where V is the covariant derivative of {M,g(t)) and = {^ea,ep). In particular, 
|Ap satisfies the following equation along the flow (1.2). 

-\A\^ = A\A\^ - 2|VA|2 + 2^kRa^Jk+VJ^^k^k]h% 



dr 



-ARiijkhf^h'^j + 8Ra/sjkhikKj - ^RikikKj^^ij + '^Rakpkhijhl^ 

ij'' 

a,^,i,m k i,j,m,k « 



+2Rikh'^htj - 2R^ph^^h% - r\A 
1 

More generally, we have 



-h^iViRja + VjRia - VaRij). (3.6) 



A|v"»^|2 = A|V'"yl|2-2|V'"+M|2+ VM * V^'A * V'^A * ^"^(3.7) 

i+j+k=m 
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where we denote by VM * A * V*^ A the linear combination of VM, V-' A and V'^A. 
Proof. By (7.4) in [32] , the Laplacian of hfj satisfies 

+Rlkikh% + Rlkikhu — RakBkhi 



Hkik'l'lj -r JTLikikli'li — J^akpk'Hj 
^"-iml-" "-mj "'mk"'jk) 
^""mk\"'rnj'''ik "'mk"'ij ) 

+hi{hf,h'^-hih'^). (3.8) 

Now we compute ^hfj. Since hfj — (Vjej, ea)g — gaA{^i^j)^^oc^ we get 

d d g g 

jhtj = -^VaAi^iej)"^: e« + (^(V)(eie^), e„) + (V^Vie^, e«) + (ViC^-, — e„). 



(3.9) 

Using (7.5) in [32], we have 

{VhV.Bj, e„) = H% - H^hih% - H^R/,jia. 
Using (2.24) in [10], we get that 

d— 1 

((^V)(ei, Cj), Ca) = -^{"^iRja + Vji?ia " ^ aRij) ■ 

Set (^Bq, ep) — b^. Putting these equations into (3.9) we obtain that 

+H% - H^hih% - H^Rp^,^ + 46^. (3.10) 

Combining equations (3.8) and (3.10), we get the parabohc equation (3.4) for /i^-. 
Since \A\'^ = Q^'^g^^Kj^kb by (3.1) we have, 

+2h'^j[Ah"j + VkRaijk + "^jRakik 
~'^Rlijkh%. + 2Rai3jkhik + '^Ra^ikhjk 
— Rlkikhfj — Rikjkhfi + Rak^khij 
~^im{^^^lnj ~ hmk^]k) 
~^mk{^mj^ik ~ Knk^lj) 
~hik{hljh?k ~ ^IkKj) 
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Using 



^h%f = 2\VA\'' + 2h%^h%, 



and the antisymmetric of 6^, VijeQ)^, we get that 

^\Af = AUP-2|Vv4P 
at 

^m,kh%h% - 2R^fihl^% - r\A\^ 

+2/l°-[Vfe-Raijifc + ^jRakik 

— -^^SiRja + ^jRia — ^aRij) 

—2Riijkh1j^ + 2Rapjkh^^ + 2Rai3ikhj]^ 

— Rlkikhfj — Rlkjkhfi + Rakpkhij 

'^^tmKnk^lk ~ KnkWnj^lk ~ ^mk^ij) ~ ^iki^ljKk ~ ^Ik^tj)]- 

The fourth order terms can be calculated as in [32]. The equation (3.7) can be proved 
similarly. 

Q. E. D. 

The following theorem follows easily from Theorem 2.2, Theorem 2.3 and (3.7). 

Theorem 3.4. // the Ricci curvature of g{t) is uniformly bounded, and the second 
fundamental form of is uniformly bounded under the Kdhler-Ricci mean curvature 
flow for all time t e [0, T), then the solution can be extended beyond T. 

4. The evolution of the Kahler angle along the flow 

This is the main section of this paper, in which we will derive the evolution equation 
of the Kahler angle along the Kahler- Ricci mean curvature flow. 

Let (M, ^) be a Kahler surface. Let 'g{t) evolve along the Kahler- Ricci flow on M, 
and Tit evolve along the mean curvature flow in {M,g{t)). Choose an orthonormal 
basis {ei, 62, 63, 64} on {M,g{t)) along such that {ei, 62} is the basis of S^. Let Js^ 
be an almost complex structure in a tubular neighborhood of on {M,g(t)) with 



It is proved in [4] that 





62 


Jj:t(i2 = 


-ei 


Jj^t^S = 


64 




-63- 


I'nfc ^ 'hk 


I' + l 



(4.1) 



1 

2 
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Theorem 4.1. Let {M,'g(t),T,t) be a Kdhler-Ricci mean curvature flow. Then the 
evolution equation of cos a is 

d — — 

(— — A) cos a = iVJsJ^coso; + sin^ a cos a, (4.3) 

where R is the scalar curvature of {M,g{t)). As a corollary, if the initial surface Sq 
is symplectic, then along the flow, at each time t, is symplectic, and if the initial 
surface Eq is Lagrangian, then along the flow, at each time t, E^ is Lagrangian. 

Proof. Choose an orthonormal basis {ei, 62, 63, 64} on {M,g{t)) along E^ such that 
{ci, 62} is the basis of E^ and out takes the form 



ujt — cos aui A U2 + cos 0:1*3 A 1*4 + sin aui Au^ — sin au2 A U4, (4.4) 

where {ui, U2, us, U4} is the dual basis of {ei, 62, 63, 64}. 

Using the evolution equation of the metric (3.1) and (4.4), we get that 

d d uj{ei,e2) d {Jei,e2)g 9 ^2^(Jei)^e2 

— COS cx — 

9t dt ^det(g,j) Qt ^det(^,,) ^ ^d^^ 

-Ric{Jei, 62) + r/2a;(ei, 62) + uj{ViH, 62) + a;(ei, V2H) 



1 

■- cos aq ■' — qa 
2 ^ dt^' 



—Ric(Jei, 62) + - cosa + sin Q;(if , 1 + H , 2) — \H\ cosa 

\ 

+ - cosa(i2ii + R22) cosa + cosa 

2 2 



= -Ric{Jei, 62) + sin Q;(iJ*, 1 + if'^, 2) + - cosQ;(i?ii + i?22)- 
Recall the equation in Proposition 3.1 and Lemma 3.2 in [19] for cosa, 

AcosQ! = — I VJsJ^ cos q; + sin Q;(i7'^, 1 + 2) — sin^ Q;i?ic(Jei, 62). 
Thus we have 

Q _ 1 _ _ 

(— — A) cosa = jVJsJ^cosQ; — cos^ Q;i?ic(Jei, 62) H — cos Q;(i?ii + i?22)- 

Using the equation in Lemma 3.2 in [19], Ric{Jei,e2) = —^—(-^1212 + -R1234) we have 



cos a Ric{ J ei,e2) + -cos a{Ru + R22) = - cos Q;(i?i2i2 + -R1234) 

+ i cos a(2i?i2l2 + RsiSi + Rmai) 

— - COS a{R2i3i + RiiAi — 2-R1234) 
= R COS a s\v? a. 
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where the last equahty was derived in Lemma 3.2 of [23]. Therefore we proved the 
theorem. Q. E. D. 

Then by the paraboUc minimum principle, we obtain that 

Theorem 4.2. Suppose the smooth solution of (1-2) exists on [0,T). Let (M, ^(0)) 
be a Kdhler surface with nonnegative scalar curvature. If cosa{x,0) > Cq > 0, then 

cos a{x, t) > Co, 

for allt e [0,T). 

Proof. Recall the evolution equation of the scalar curvature of M under the Kahler- 
Ricci flow, 

|fi=iAS+|ffi;r-!|. (4.6) 

Thus by the parabolic minimum principle, if the scalar curvature of the initial surface 
is nonnegative, then the scalar curvature of R(t) is nonnegative for all t G [0,T). 
Using the parabolic minimum principle again and (4.3), we proved the theorem. Q. 
E. D. 

Corollary 4.3. We can rewrite the equation (4-3) as 

d — — 

(— - A)sin2(a/2) = -|VJs,|^ cosa — 4i?sin^(Q;/2) cos^(a/2) cosa, (4.6) 

which yields that, along the flow (1.2), the Kdhler angle decrease to zero exponentially 
if R> S > and cosq;(-, 0) > Cq. 

Remark 4.4. The same evolution equation for cos a along the mean curvature flow 
in the case that M is Kdhler-Einstein surface was proved by Chen-Li [4] and Wang 
[32]. 



Lemma 4.5. 



|Vq;|^ < |VJsJ 



Proof. Using the frame in Theorem 4.1 and (4.4), it is easy to see that 

Vicosa = a;(Veiei, 62) + cc;(ei, Veie2) 

= (/in + /i?2)sinQ;. (4.7) 

Similarly, we can get that 

V2COSQ; = {hl2 + h'^2)sma. (4.8) 

Therefore, 

|Vq;|2 < IVJsJ^. 

Q. E. D. 
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5. MONOTONICITY FORMULA 

In this section we assume that the Kahler-Ricci flow exists on [0,T], i.e, the Ricci 
curvature of {M,g{t)) is uniformly bounded on [0,T] (see [27]). We only consider 
the singularity of the mean curvature flow, we assume that it blows up at T. The 
monotonicity formula for the mean curvature flow was essentially proved by Huisken 
[17] and Hamilton [14]. The weighted monotonicity formula for the symplectic mean 
curvature flow was proved by Chen-Li in [4]. In this section, we prove one weighted 
monotonicity formula for the flow (1.2). Since the Kahler-Ricci flow exists [0, T], thus 
the injective of {M,'g{t)) is uniformly bounded from below on [0,T) [30]. We can 
therefore choose a cut-off function on (M, g{t)) to prove the monotonicity formula for 
the symplectic Kahler-Ricci mean curvature flow. 

Let H{X, Xq, t, to) be the backward heat kernel on M^. Define 



p{X, t) = (47r(to - t))H{X, Xo, t, to) = — exp 



IX -Xr 



|2 



An{to -t) ^ 4(^0 - t) 
for t <to, such that 

d 



dtp --^P-P 



2{to - 1) 



- \H 



2 



where (X — Xo)"*" is the normal component of X — Xq. 

Let iM be the lower bound of the injective radius of {M,g(t)). We choose a cut- 
off function G C^(52f(Xo)) with = 1 in Bf{Xo), where Xq e M, < 2r < 
iM- Choose a normal coordinates in i?2f(-^o) in i^jVi't)) and express F using the 
coordinates [F^ , F'^ , , F'^) as a function in R^. Set v{x,t) ~ cos a{x,t), where 
Rq — max{0, —R} and R is the scalar curvature of M. We define 



$(F,Xo,t,to) = / -(t>{F)p{F,t)diit. 
Jn, V 



Proposition 5.1. There are positive constants ci and C2 depending only on (M, g{t)), 
Fo and f such that 

^e^iVt^$(F,Xo,t,to) < -e^^^f/ -M^, t)|g + ~ ^°^J >t 
ot yJst V 2 (to — t) 

+ [ -\VJj:,\'MF,t)d^i,+ f 2|Vcos«|^ \ 

+C2ito-t). (5.1) 

Proof. By the evolution equation of the Kahler angle in Theorem 4.1, we have 

_ A)- < -^^^ - ^l^^l^ 
dt V ~ V 

So, 
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1 



< 



St V 

1 



<Pp{F,t)\H\^d^Jit- / -<P{R-r)p{F,t) 



St V 



[ + A)p{F,t)di,t - [ -MF,t)\H\'dpt 

JY^t V ut •/St V 

JY^t V JYif V 

+ f -A(l)p{F,t)diit + 2 [ -V4>Vp{F,t)dpt 



-{R-r)MF,t)dpt. 

St V 



In [0, T), R is uniformly bounded, thus 



-<P{R-r)p{F,t) 

St V 



< C 



and by (3.2) 



so, 



^ / dpt<C I dpt, 



where the constant C depends on [M,'g{t)). 
Straight computation leads to 

1 {H,F-Xo) \F-Xo 



— (F 

Ho-t 2{to-t) 



4(io - 1)^ 



)piF,t) 



and 



Aexp(- 
= exp(- 



4(to - 1) 



F-Xo|\J(F-Xo,VF)|2 (F-Xo,AF) |VF| 



-)( 



2{to - t) 2{to - t) 
■a dFPdF" 



4(to-t)^^ 4(to-t) 
Notice that, in the induced metric on E^, 

IVFI^ = 2 and AF'^ = - g'^T 

II C7 , 

then we have 

(| + A)p(F,.) 



)■ 



{to - t) 



4(^0 - ty 



2{to - 1) 



-)p{F,t). 



Note that A0 = 0, V0 = in ^^(Xo), we can see that 

|A0p(F,t)| < C and |V0Vp(F,t)| < C. 
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Hence 



/ -AMF,t)di^t<C [ dnt<C 
( -V(f)Vp{F,t)dnt <C [ dnt<C. 



Since we choose a normal coordinates in i32f(-^o) in {M, g{t)), we have r^^(Xo, t) 
0, and \g^^T;^^^\ <C\F -Xol thus 

2{to -t) - 2{to - t) ■ 

Hence 

It concludes that 

WJyJ^ , . , /■ 21 



/ L^lL^p^F,t)di,t- -^^MF,t)df^^ 



The proposition follows. Q. E. D. 



6. NO TYPE I SINGULARITY 

We assume in this section that the Kahler-Ricci flow exists globally. We study the 
singularity of the mean curvature flow if it blows up at T. Since the Kahler-Ricci 
flow exists for all time, the Ricci curvature is uniformly bounded, and the evolution 
equation of the Kahler angle along the Kahler-Ricci mean curvature flow is the same as 
that of the mean curvature flow in Kahler-Einstein surface (c.f (4.3) and Proposition 
3.2 in [4]), thus the analysis of the singularity of the mean curvature flow is the same 
as that of the mean curvature flow in Kaher- Einstein surface [4]. For completeness, 
we give some details below. 

We recall the classification of the singularities of the mean curvature flow. We say 
the mean curvature flow has type I singularity at T > 0, if 

lmr(r - t) max \A\'^ < C, 

for some positive constant C. Otherwise, we say the mean curvature flow has type II 
singularity. 
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Lemma 6.1. Let U{t) = max^t If the mean curvature flow blows up at T > 

0, then there is a positive constant c depending only on the bound of the curvature 
{M,g{t)) such that, ifO<T — t< n/lGy/c, the function U{t) satisfies 

U(t) > . 

^ ^ - 4x/2(T - t) 

Proof. By lemma3.3 and the parabolic maximum principle, we have 

^Uit) < 2{U{t)f + c^U{t)+C2yJu(t) 
< 4(C/(0)' + 4c, 

where ci, C2 are constants which depend only on the bounds of the curvature and its 
covariant derivatives of {M,g{t)). This implies the desired inequality. Q. E. D. 

Theorem 6.2. Assume that the Kdhler-Ricci flow exists globally. The symplectic 
Kdhler-Ricci mean curvature flow has no type I singularity at any T > 0. 

Proof. Suppose that the mean curvature flow has a type I singularity at to > 0. 
Assume that 

Xl = \A\'^(xk, tk) = max \A\^ 

and — >■ p e E, tfe — >■ ^0 as A; — >■ oo. We choose a local coordinate system on 
(M, g{{t)) around to) such that to) — 0. And we rescale the mean curvature 
flow, 

Fk{x, t) = \k{F{x, Xft + tk) - F{p, tk)), t e [~\ltk, 0]. 
Denote by the rescaled surface Fk{-,t). By Lemma 6.1, we have 

> \AWxk,tk) > 
~ Jfc ^0 ~ Jfc 

for some uniform constants c and C independent of k. Therefore, 

\Ak\\F{xk,tk) - F{p,tk)) = \A\\Fk{xk,0)) ^ Xf\A\\xk,tk) > \f . , . 

{to — tk) 

Since the mean curvature flow has type I singularity at to > 0, we have 

>l{to-tk)<C. 

So, 

|A|2(0) >c>0, 

for some uniform constants c. It is easy to see that 

\AkWx,t) < 1, 

thus there is a subsequence of Fk which we also denote by Fk, such that Fk F^o in 
any ball -8^(0) C R^, and F^ satisfles 

dF 

= i/oo with 1 > l^oo 1(0) > c> 0. (6.1) 
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By the monotonicity formula (5.1), we know that liuit^tf^ gCiVto exists. Using the 
equahty 

1 1 ^ /r^N / \Fk + XkF{p,tk)\\, k 



we can get that, for any — oo < si < S2 < 0, 
— >■ as A; — >■ oo. 



Integrating (5.1) from + Aj.^si to tk + A^^S2, we get that 

|VJE,,r^O, (6.2) 



and 

Iff, -u ^ 

2(0 - 1) 



(Ffc + AfcF(p,tfc))^ „ ^ . , ..ON 
iifc + ^ — — r — '-^y — )■ as A; ^ oo. (6.3) 



By (6.2), we get that 



DJ^ = 0, 



where D is the derivative in R^, which imphes that 
Since 

\Fip,tk)\< \^\dt< \H\dt<CVt^k<T-, 

Jtk Ol Jtk Afe 

thus XkF{p, tk) ^ q as k ^ oo. Hence by (6.3), we have 

{F^ + q)^ = 0, 

this imphes that, for a = 3,4, 

det((/ioo)S) = 0. 
Since H^o — 0, we also have, for a = 3, 4, 

triih^)t^) = 0. 

This yields that {hoo)fj = for all i,j = 1,2, a = 3,4 which implies that \Aoo\ = 0. 
This contradicts with (6.1). Q.E.D. 
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7. GRAPH CASE 



In this section we study the Kahler-Ricci mean curvature flow (1.2) in a special 
case. Suppose that M is a product of compact Riemann surfaces Mi, M2, i.e, (M, ^) = 
(Ml X M2,^i ©^2)- We denote by ri,r2 the average scalar curvature of Mi,M2, we 
assume that ri = r2. Then the Kahler-Ricci flow on M can be spht into the Kahler- 
Ricci flow on Ml, M2 respectively. It is well known that the Kahler-Ricci flow on 
surface exists for long time and converges to the surface with constant curvature at 
infinity. Suppose that S is a graph in M = Mi x M2. Recall the definition of the 
graph in [7]. A surface S is a graph in Mi x M2 il v = (ci A 62,001) > Cq > where 
oji is a unit Kahler form on Mi, and {ei, 62} is an orthonormal frame on E. In this 
section, we used some ideas in [7] and [32] . 

Theorem 7.1. Let {Mi,gi,uji) and {M2,g2,ou2) be Riemann surfaces which have the 

same average scalar curvature. Suppose that Mi x M2 evolves along the Ricci flow 
flow and So evolves along the mean curvature in Mi x M2. Ifv{-,0) > then the 
Kahler-Ricci mean curvature flow exists for all time. 

Proof. Because Mi and M2 have the same average scalar curvature, the metric 
g — g^ Q) g2 on M evolves along the Kahler-Ricci flow is equivalent to g^ and ^2 
evolves along the Ricci flow respectively. When n — 2, = \Rgij. Thus, ^i(t), 
^2(^) satisfy the evolution equations: 



By the work of Hamilton [15] and Chow [2], we know that, for any initial metrics 
the flows exist for long time and converge to Mf^ x M|° with constant curvatures at 
infinity. 

Choose an orthonormal basis {ci, 62, 63, 64} on M along such that (ci, 62} is the 
basis of E^. Set Ui = (ci A 62,^1 + UJ2) and U2 = (ei A 62,^1 — UJ2) where 002 is an 
unit Kahler form on M2. Since both cui -|- U2 and ui — U2 are parallel Kahler forms 
on Ml X M2, we see that Theorem 4.1 is applicable. Therefore, 



implies that Ui{x,0) > v{x,Q) - ^ > Cq > 0, ^ = 1, 2. By (7.1) and (7.2), applying 
the maximum principle for parabolic equations,we see that Ui{x, t) have positive lower 




and 




l{R,-r){g2) 
{92)0 
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bounds at any finite time. Suppose that Ui> 6 for < t < to- Then we claim that 
the flow F can be extended smoothly to to + ^ for some e. 
Set u = Ui + U2- Adding (7.1) into (7.2), we get that 

(^-A)ii = u\A\^ + 2{ui-U2)hlXk-'^i't^i-'tJ'2)hlA 

+Riui{l - uj) + R2U2{1 - ul). (7.3) 
Since u > 25 + \ui — U2\, using the Cauchy-Schwarz inequality, we get that 

(4 - A)m > 26\A\^ - C, (7.4) 
at 

where C is the lower bound of the scalar curvature of {M,g^{t) © ^2(^))- 

Assume that (Xo,to) is a singularity point. As in the proof of Proposition 5.1, we 
can derive a weighted monotonicity formula for j'^^ (p-^p{F, Xq, t, to)diJ,t, where 4> is the 
cut-off function in Proposition 5.1. 



d f 1 

— / (l)-p{F,Xo,t,to)dnt 

dt JEt u 

< [ 4>pA-dpt - 25 
7s, u 



\A\ 



+ 



[ (p^dpt - 



St u 

1 

St u 



< 



\H\ 



u 



-pdpt - I ' 

JSt 



R-r 



pdpt - 2 / 

JSt 

H + 



St u-" 
{F - Xo) 



pdpt 

2 



2(^0 - 1) 



- \H\^ \p\dpt 



u 



pdpt 



w 



H + 



26 



dpt 



R 



u 



2{to - 1) 

f 1 f 1 

-pdpt + / A(i>—pdpt + 2 — V0 • Vpdp 
Jut u Jut u 



< C-25 



\A\ 



-p{F,Xo,t,to)dpt, 



(7.5) 



where C depends on the scalar curvature of Ri, R2 and the bound of | V0|, | A0|. Prom 
this we see that lim(_^(g /^^ (p^pdpt exists. 

Let < Aj ^ 00 and let Fj be the blow up sequence: 

Fi{x, s) = \iiF{x, to + X-^s) - Xo). 

Let dpi denote the induced volume form on by Fj. It is obvious that. 



(l)-p{F,Xo,t,tQ)dpt 
u 



(l>-p{Fi,0,s,0)dpi. 
u 



Therefore we get that. 



0ip(F,,O,s,O)d//: 

ds J& u 
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< -^-25 / (/)^p(Fi,0,s,0)ci/i 



Note that to + — )■ for any fixed s as i — )■ oo and that \imt-^to /st 4^uP^l^t exists. 
By the above monotonicity formula, we have, for any fixed si and S2, 



^ [ (/)-p(F,,0,Si,0)d//:^- / (/.-p(F,,0,S2,0)d/x: 
> 25 r / >^p(F,,0,s,0)d/x:. 

J SI J'El U 



I SI 

Since u is bounded below, we have 

as i ^ oo. 

Therefore, for any ball Br{0) C i?^, 

/ UjP ^ as i oo. (7.6) 

isi.nSfl(o) 

Because u has a positive lower bound, we see that can locally be written as the 
graph of a map : ^2 C Mi ^ M2 with uniformly bounded \dft\. Consider the blow 
up of , 

i 

My) = ^ifto+xr^sS^i^y)- 

It is clear that \dfi\ is also uniformly bounded and limj^oo/j(0) = 0. By Arzzela 
theorem, /j f^o in on any compact set. By the inequality (29) in [21], we have 

\A,\<\VdM<Cil + \dM')\A,\, 

where Vdfi is measured with respect to the induced metric on S* .. From equation 
(7.6) it follows that, for any ball Br{0) C i?^ 



/ iVd/ip ^ as i ^ 00, 



/s|.nBfl(o) 

which implies that /j — > /oo in fl Wl^^ and the second derivative of /oo is 0. It is 
then clear that E^. — > E°° and E°° is the graph of a linear function. Therefore, 

lim / (/.p(F,,0,s,,0)d/x:^ = / p(Foo,0,-l,0)(i/x°° = 1, 

We therefore have 

liin / p{F, Xq, t, to) = lim / 4>p{F, Xq, to + X:r'^Si, to) 

= \im [ (j)p{Fi,0,Si,0)dijl = l. (7.7) 

By the White's regularity theorem [31], we know that {Xq, to) is a regular point. This 
proves the theorem. Q. E. D. 

Theorem 7.2. Under the same assumption as in Theorem 7.1. If the scalar curvature 
of Mi,M2 is positive, then it converges to a totally geodesic surface at infinity. 
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Proof. Since the scalar curvature of M is positive, by (7.1) and (7.2), 

(^ - A)(l - u,) < -R,ui{l + Mi)(l - ui) < -ci7?i(l - Ml), 

where Ci depends only on the lower bound of Ui. Applying the maximum principle, 
we get that 1 — mi < ce^^^^'^^. Similarly, I — U2 < ce~'^^^^*, where ci, C2 depends only 
on the lower bound of ui,U2. By (7.3), for any £ > 0, there exists T such that as 
t > T, til > 1 — £, > 1 — £, \ui — < s and 



:^-^)u>{i-s)\A\\ 



Prom (3.6) we see that 



(^ - A)|A|2 < -2|VA|2 + + C2\A\^ + Cg, 

at 

where Ci,C2,C3 are constants that depend on the bounds of the curvature tensor 
and its covariant derivatives of (M, ^(t)). 

Let p > 1 be a constant to be fixed later. Now we consider the function 

rl |/1|2 \7pP" 

(l^-A)^ = 2V(^) — 
< 2pV(^)-V« 

+ ^2|>ir + ^^3) - V"[(l - £)| - v\^u\% 
Prom (4.7) and (4.8), it follows that, 

iv«ir < 2(i-«?)((/.t,)^ + (/.y2), 

|V^2r < 2(l-«^)((/.?,)2 + (/i^,)2). 
So, for t is sufficiently large, we have 



and 

Therefore, 



|Vm|2 < 2(|Vmi|2 + IVmsH < 4£|yl|l 



(^-A)^ < 2pV(^)-V^ 
Set — 1/e, then 

Ci -p(l -e) +4/£ = Ci - + £^ + 4. 
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\A\' 


• Vu - 




















gp« 




■ Vit - 


\A\^ 


+ C2' 


\A\^ 




1^1 y 










gp« 


gp« 



As t is sufficiently large, i.e. e is sufficiently close to 0, we have 

(Ci - + £^ + 4) < -1. 

So, 

d MP 

< 2pV( 

Applying the maximum principle for parabolic equations, we conclude that is 
uniformly bounded, thus is also uniformly bounded. Thus F{-,t) converges to 
Foo in as i — >■ oo. Since 

1 - Ml < ce-^i-^i*, 

and 

1-U2< ce-^'^^^ 

So, we have ui = 1 and -^2 = 2 at infinity. By (7.3), we see that the second fun- 
damental form is zero identically, in other words, the limiting surface is totally 
geodesic. 

Q. E. D. 

8. STABILITY OF KAHLER-RiCCI MEAN CURVATURE FLOW 

Let (M, J) be a Kahler surface with Ci(M) > 0. Now we choose r = 2. Suppose 
(M, J) is pre-stable and the Futaki invariant of the class 27rci(M) vanishes. Chen-Li 
[3] proved that for any 7, there exists a small positive constant £(7) such that for any 
metric g in the subspace of Kahler metrics 

{ojg e 27rci(M)\\Rm\(ujg) < 7, \Ric(ujg) — ujg\ < s}, 

the Kahler Ricci flow with the initial metric oUg will converge exponentially fast to a 
Kahler-Einstein metric. 
That is 

\\m{g{t,-))-g{t,-)\y,.)<C£e-^\ 

for some positive constants C and (3 which depend only on 7 and £. In this case, we 
show that, if the initial surface is sufficiently close to a holomorphic curve, then the 
Kahler-Ricci mean curvature fiow exists for all time (the idea is similar to that in 
[18]) and converges to {M,g^, E^o) at infinity. 

Note that, since Eq is smooth, it is well-known that 



lim / (f){F)- — -e^^d/io 



for any G Eq. So we can find a sufficiently small Tq such that 



'^(^)7ri2e < 1 + £0/2 (8.1) 
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for all Xq e M, where £q is the constant in White's Theorem. 

Theorem 8.1. There exist sufficiently small constant Ei, £2 such that, if {ei+e2) / <^ 
£0 where ro is defined in (8.1) and £0 is a constant in White 's theorem, and at any 
time t, 

\\Rrcigit,-))-git,-)\y,.)<Ceie-^\ 

and the Kdhler angle of the initial surface satisfies coscto > 1 — £2; ^^en Kdhler- 
Ricci mean curvature flow exists globally and it converges to {M,g^, Sqo) at infinity. 
Furthermore, is the holomorphic curve in (M, g^) and (M, g^) is Kdhler- Einstein 
surface. 

Proof. Since along the Ricci flow, at any time t we have, 

{RIc-ujI < Ceie-^\ 

then at any time t, 

\R-2\ < Ceie-^K (8.2) 

By (4.3), along the mean curvature flow, cos a increase, i.e, cosa > 1 — £2. Using the 
equation of (4.6) we can obtain that 

d 

(— - A) sin^ a/2 < -2c£2(l + £2) sin^ a/2. 



So, 

By (3.2), 

thus. 



dt 

sin^ a/2 < sin^ ao/Se""^* < £26^"^*. (8.3) 



4/ dftt< f \R-2\diit<Ceie-^' [ dut, 



Areai^t) < CArea{Eo). 
Because uj{t) is always closed, we can see that 

/ cos adiJ,t — u! 

is constant under the continuous deformation in t. Thus , 
d_ 
di 

Integrating the above inequality from t to t + 1 we obtain that 

/ \H\^diXtdt < [ sin^ a / 2diit + [ \R-2\diisds 



/ {1- COS a)dnt = - / \Hfdnt- f {R-2)dnf (8.4) 

JEt J^t •'Et 



< CArea(So) (£26""* + cic-^') 

< C(£i + £2)e-"*, 
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where A — min{c, f3}. Prom this we can derive an L^-estimate of the mean curvature 
vector. 

/ / \H\dtJisds = E / / \HWsds 

Jo J'Es u-n-lk JT,s 



fc=0' 



k=0 
fc=0 



< C- 



1 — e 2 



where C depends only on the area of the initial surface Sq. 

Now we explore a possible singularity (Xo,T). We study the density in White's 
local regularity theorem [31]. Recall that it is defined by 

^X,Xo,t,t-r^) = ^0(F)^e-^^d/Xi_,2, 

where is a cut off function around Xq on M such that = 1 in Br{XQ). Differenti- 
ating this equation with respect to t we get that 

t—r^ t—r-^ 

r d) \f-Xq\^ 

t—r-^ 



i.5) 



Integrating (8.5) from Tq to T we get that 



/r-0 ^S,_,2 47rro 
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Using the L-'^-estimate of the mean curvature vector and (8.2), note that |V0| < C, 
we get that 



C (£i+£2)^ 
47rrg l-e-V2 



X </'(^)4^e-^^d/Xt_,2 < l + £o/2 + 



If (£1 + £2)7^0 < £^0, then 



Applying White's theorem we obtain an uniform estimate of the second fundamental 
from which implies the global existence and convergence of the mean curvature flow. 
Prom (8.3) we see that cosccoo = 1, that is is B; holomorphic curve. This proves 
the theorem. 

Q. E. D 
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